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Abstract
The method of flow equations is applied to QED in the light-front dynamics. To
second order in the coupling the particle number conserving part of the effective QED
Hamiltonian has two terms of different structure. The first term gives the Coulomb
interaction and the correct spin splittings of positronium; the contribution of the second
term to mass spectrum depends on the explicit form of unitary transformation and may
influence the spin-orbit.
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1
1 Introduction
In the previous work [4] we have outlined the strategy to construct an effective renormalized
Hamiltonian by means of flow equations. Requiring that the particle number (Fock state)
conserving terms in the Hamiltonian were considered to be diagonal and the other terms off-
diagonal the block-diagonal effective Hamiltonian was obtained. The main advantage of this
procedure is, that finally states of different particle number (Fock sectors) are completely de-
coupled in the effective Hamiltonian, and thus the bound state problem, which is in general a
many-body one, reduces to a few-body problem. For the positronium this means, that one is left
with a two-particle problem, since the particle number violating contributions are eliminated.
We perform the unitary transformation to bring the bare cutoff Hamiltonian of the gauge
field theory to a block-diagonal form. We distinguish therefore the ’diagonal’-particle number
(Fock state) conserving and the ’rest’-particle number (Fock state) changing sectors. The
elimination of the ”rest” part of Hamiltonian generates the new interactions in the ”diagonal”
sectors.
We study QED on the light-front in this approach. We use one of the most convenient
prescription of light-front perturbation theory as formulated by Brodsky and Lepage [5]. In
second order in coupling there is a new interaction between electron and positron that arise
from the eliminating matrix elements of electron-photon vertex.
Making use of Brodsky, Lepage light-front perturbation theory it is possible to separate two
different structures in the effective electron-positron interaction. The contribution of both of
them to the mass spectrum is considered.
2 Flow equations and the effective Hamiltonian
Flow equations perform the unitary transformation, which brings the Hamiltonian to a block-
diagonal form with the number of particles (or Fock state) conserving in each block. In what
follows we distinguish between the ’diagonal’ (here Fock state conserving) and ’rest’ (Fock state
changing) sectors of the Hamiltonian. We break the Hamiltonian as
H = H0d +Hd +Hr (1)
where H0d is the free Hamiltonian; and the indices ’d’,’r’ correspond to ’diagonal’,’rest’ parts
of the Hamiltonian, respectively. The flow equation for the Hamiltonian and the generator of
unitary transformation are written [1]
dH
dl
= [η,Hd +Hr] + [[Hd, Hr], H0d] + [[H0d, Hr], H0d]
η = [H0d, Hr] + [Hd, Hr] (2)
In the basis of the eigenfunctions of the free Hamiltonian
H0d|i >= Ei|i > (3)
one obtains for the matrix-elements between the many-particle states
dHij
dl
= [η,Hd +Hr]ij − (Ei − Ej)[Hd, Hr]ij − (Ei − Ej)2Hrij
ηij = (Ei −Ej)Hrij + [Hd, Hr]ij (4)
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The energy differences are given by
Ei −Ej =
n2∑
k=1
Ei,k −
n1∑
k=1
Ej,k (5)
where Ei,k and Ej,k are the energies of the created and annihilated particles, respectively. The
generator belongs to the ’rest’ sector, i.e. ηij = ηrij , ηdij = 0. In what follows we use
[Oˆr, Hˆd]d = 0
[Oˆr, Hˆd]r 6= 0 (6)
where Oˆr is the operator from the ’rest’ sector (for example Hˆr or ηˆr) and Hˆd is the diagonal
part of Hamiltonian.
For the ’diagonal’ (n1 = n2) and ’rest’ (n1 6= n2) sectors of the Hamiltonian one has
correspondingly
dHdij
dl
= [η,Hr]dij
dHrij
dl
= [η,Hd +Hr]rij − (Ei −Ej)[Hd, Hr]rij + duij
dl
Hrij
uij
(7)
where we have introduced the cutoff function uij(l)
uij(l) = e
−(Ei−Ej)2l (8)
For simplicity we neglect the dependence of the energy Ei on the flow parameter l. The main
difference between these two sectors is the presence of the third term in the ’rest’ sector duij
dl
Hrij
uij
,
which insures the band-diagonal structure for the ’rest’ part
Hrij = uijH˜rij (9)
i.e. in the ’rest’ sector only the matrix elements with the energy difference |Ei − Ej | < 1/
√
l
are not zero. In the similarity renormalization scheme [2] the width of the band corresponds
to the UV cutoff λ. The connection between the two quantities is given
l =
1
λ2
(10)
The matrix elements of the interactions, which change the Fock state, are strongly suppressed,if
the energy difference exceeds λ, while for the Fock state conserving part of the Hamiltonian
the matrix elements with all energy differences are present. As the flow parameter l →∞ (or
λ → 0) the ’rest’ part is completely eliminated, except maybe for the matrix elements with
i = j. One is left with the block-diagonal effective Hamiltonian.
Generally, the flow equations are written
dHij
dl
= [η,Hd +Hr]ij − (Ei − Ej)[Hd, Hr]ij + duij
dl
Hij
uij
ηij = [Hd, Hr]ij +
1
Ei − Ej
(
−duij
dl
Hij
uij
)
(11)
where the following condition on the cutoff function in ’diagonal’ and ’rest’ sectors, respectively,
is imposed
udij = 1
urij = uij (12)
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One recovers with this condition the flow equations eq. (7) for both sectors. Other unitary
transformations, which bring the Hamiltonian to the block-diagonal form, with the Fock state
conserving in each block, are used [2]
dHij
dλ
= uij[η,Hd +Hr]ij + rij
duij
dλ
Hij
uij
ηij =
rij
Ei −Ej
(
[η,Hd +Hr]ij − duij
dλ
Hij
uij
)
(13)
and [3]
dHij
dλ
= uij[η,Hd +Hr]ij +
duij
dλ
Hij
uij
ηij =
1
Ei −Ej
(
rij [η,Hd +Hr]ij − duij
dλ
Hij
uij
)
(14)
where uij + rij = 1; and the constrain eq. (12) on the cutoff function in both sectors is implied.
One can choose the sharp cutoff function uij = θ(λ− |∆ij|).
We consider the flow equations in the perturbative frame, therefore we break the Hamilto-
nian
H = H0d +
∑
n
(H
(n)
d +H
(n)
r ) (15)
where H(n) ∼ en, e is the bare coupling constant (here we do not refer to the definite field
theory). To the order of n in coupling constant the flow equations in both sectors are given
dH
(n)
dij
dl
=
∑
k
[η(k), H(n−k)r ]dij
η
(n)
dij = 0
dH
(n)
rij
dl
=
∑
k
[η(k), H
(n−k)
d +H
(n−k)
r ]rij − (Ei − Ej)
∑
k
[H
(k)
d , H
(n−k)
r ]rij +
duij
dl
H
(n)
rij
uij
η
(n)
rij =
∑
k
[H
(k)
d , H
(n−k)
r ]rij +
1
Ei −Ej

−duij
dl
H
(n)
rij
uij


η(n) = η
(n)
d + η
(n)
r (16)
We solve these equations in the leading order for the Fock state conserving sector.
dH
(2)
dij
dl
= [η(1)r , H
(1)
r ]dij
η
(1)
rij = −
1
Ei −Ej
dH
(1)
rij
dl
dH
(1)
rij
dl
=
duij
dl
H
(1)
rij
uij
(17)
and H
(1)
rij = H
(1)
rji . Explicitly one has
dH
(2)
dij
dl
= −∑
k

 1
Ei −Ek
dH
(1)
rik
dl
H
(1)
rjk +
1
Ej − Ek
dH
(1)
rjk
dl
H
(1)
rik


d
H
(1)
rij (l) = H
(1)
rij (l = 0)
fij(l)
fij(l = 0)
(18)
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where we have introduced the function fij defining the leading order solution for the ’rest’ part.
Further we refer to it as similarity function. Here
fij(l) = uij(l) = e
−(Ei−Ej)2l (19)
The similarity function fλ(∆) has the same behavior (when λ → ∞ fλ(∆) = 1, and when
λ → 0 fλ(∆) = 0) as the cutoff function uλ(∆); in the leading order the similarity function
shows how fast the ’rest’ sector is eliminated.
Making use of the connection l = 1/λ2, we get
dH
(2)
dij
dλ
= −∑
k

 1
Ei −Ek
dH
(1)
rik
dλ
H
(1)
rjk +
1
Ej − Ek
dH
(1)
rjk
dλ
H
(1)
rik


d
H
(1)
rij (λ) = H
(1)
rij (Λ→∞)
fij(λ)
fij(Λ→∞) (20)
The equations eq. (20) are the same also for the unitary transformations given above eqs. (13)
and (14) up to the choice of the function fij(λ). Neglecting the dependence of the energy Ei
on the cutoff, one has
H
(2)
dij (λ) = H
(2)
dij (Λ→∞) +
(∑
k
H
(1)
rik(Λ→∞)H(1)rjk(Λ→∞)
)
d
×
(
1
Ei −Ek
∫ ∞
λ
dfik(λ
′)
dλ′
fjk(λ
′)dλ′ +
1
Ej − Ek
∫ ∞
λ
dfjk(λ
′)
dλ′
fik(λ
′)dλ′
)
d
(21)
where Λ is the bare cutoff; the sum
∑
k is over all intermediate states; and the label ’d’ denotes
the ’diagonal’ sector. Specifying the function fij we get the interaction H
(2)
d , generated by
different unitary transformations. One has corresponding
for the flow equations eq. (11)
fij(λ) = uij(λ) = e
−
∆2
ij
λ2 (22)
and for the unitary transformations eqs. (13) and (14)
fij(λ) = uij(λ)e
rij(λ)
fij(λ) = uij(λ)
uij = θ(λ− |∆ij |), uij + rij = 1 (23)
where ∆ij =
∑n2
k=1Ei,k −
∑n1
k=1Ej,k.
To illustrate the method we consider QED on the light-front in the next section. We
calculate the generated interaction eq. (21) in the electron-positron sector to solve for the
positronium mass spectrum. In this case H(1)r (Λ→∞) is the electron-photon vertex with the
bare coupling constant e; and the initial value of generated interaction is H
(2)
d (Λ→∞) = 0.
3 Renormalized effective electron-positron interaction
In this section we give the effective Hamiltonian in the light front dynamics for the positronium
system, generated by the unitary transformation [4].
The light front Schro¨dinger equation for the positronium model reads
HLC |ψn >=M2n|ψn > (24)
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where HLC = P
µPµ is the invariant mass (squared) operator, referred for convenience as the
light front Hamiltonian of positronium and |ψn > is the corresponding eigenfunction.
The canonical Hamiltonian of the system HLC is in general an infinite dimensional matrix,
namely contains infinite many Fock sectors (i.e. one has for the positronium wave function
|ψn >= cee¯|(ee¯)n > +cee¯γ |(ee¯γ)n > +cee¯γγ |(ee¯γγ)n > +...) and the states with infinite large
energies. We obtain a finite dimensional Hamiltonian by:
(1) introducing the bare cutoff (regularization) with the result HBLC(Λ) - the bare Hamilto-
nian;
(2) performing the unitary transformation with the result HeffLC - the effective renormalized
Hamiltonian;
(3) truncating the Fock space to the lowest Fock sector (|ee¯ >) with the result H˜effLC - the
effective renormalized Hamiltonian acting in the electron-positron sector.
The eigenvalue equation is written then
H˜effLC |(ee¯)n >=M2n|(ee¯)n > (25)
where n labels all quantum numbers. The effective light front Hamiltonian is splitted into the
free (noninteracting) part and effective electron-positron interaction
H˜effLC = H
(0)
LC + V
eff
LC (26)
The continuum version of the light front equation eq. (25) is then expressed by the integral
equation (Jacobi momenta are introduced on fig. (1))
M2n − m
2 + ~k2⊥
x(1 − x)

ψn(x,~k⊥;λ1, λ2)
=
∑
λ
′
1
,λ
′
2
∫
D
dx′d2~k
′
⊥
2(2π)3
< x,~k⊥;λ1, λ2|V effLC |x′, ~k
′
⊥;λ
′
1, λ
′
2 > ψn(x
′, ~k
′
⊥;λ
′
1, λ
′
2) (27)
where the wave function is normalized
∑
λ1,λ2
dxd2~k⊥
2(2π)3
ψ∗n(x,
~k⊥;λ1, λ2)ψn′(x,~k⊥;λ1, λ2) = δnn′ (28)
The integration domain D is restricted by the covariant cutoff condition of Brodsky and Lepage
[5]
m2 + ~k2⊥
x(1 − x) ≤ Λ
2 + 4m2 (29)
which allows for states to have the kinetic energy below the bare cutoff Λ.
For the effective electron-positron interaction one has in the exchange and annihilation
channels
V effLC = Vexch + Vann =
∑
channel
lim
λ→0
(V genλ + V
PT
λ + V
inst
λ ) (30)
where the terms in eq. (30) correspond to the interaction generated by the unitary transfor-
mation eq. (21), the perturbative photon exchange with the energy below the cutoff and the
instantaneous exchange term arising in the light-front gauge, respectively. Here λ is the ’run-
ning’ cutoff, that defines the ’continuous’ step of the unitary transformation U(λ,Λ) and related
to the flow parameter l as l = 1/λ2.
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Following the rules of light-front perturbative theory [5] one has for the interaction eq. (21),
generated in the second order O(e2) in the electron-positron sector
V genλ = −e2 < γµγν >
×[θ(q
+)
q+
Dµν(q)(
1
D1
∫ ∞
λ
dfλ′(D1)
dλ′
fλ′(D2)dλ
′ +
1
D2
∫ ∞
λ
dfλ′(D2)
dλ′
fλ′(D1)dλ
′)
+
θ(−q+)
−q+ Dµν(−q)(
1
−D1
∫ ∞
λ
dfλ′(−D1)
dλ′
fλ′(−D2)dλ′ + 1−D2
∫ ∞
λ
dfλ′(−D2)
dλ′
fλ′(−D1)dλ′)]
(31)
where we sum (
∑
k in eq. (21)) the two terms corresponding to the two time-ordered diagrams;
fλ(∆) is the similarity function, arising from the unitary transformation and specified below;
Dµν(q) =
q⊥2
q+2
ηµην +
1
q+
(ηµq
⊥
ν + ηνq
⊥
µ ) − g⊥µν is the photon propagator in light-front gauge [6],
ηµ = (0, η+ = 1, 0, 0); D1, D2 and D are energy denominators given below; q is the exchanged
momentum. The notation < γµγν > is introduced for the matrix element given in exchange
channel as fig. (1)
< γµγν > |exch = u¯(p1, λ1)√
p+1
γµ
u(p
′
1, λ
′
1)√
p
′+
1
v¯(p
′
2, λ
′
2)√
p
′+
2
γν
v(p2, λ2)√
p+2
P+2 (32)
where pi, p
′
i are light-front three-momenta carried by the constituents, λi, λ
′
i are their light-front
helicities, u(p1, λ1), v(p2, λ2) are their spinors [5]; index i = 1, 2 refers to electron and positron,
respectively; P = (P+, P⊥) is light-front positronium momentum. (For the annihilation channel
see Appendix B).
Making use of the symmetry
fλ(−D) = fλ(D)
Dµν(−q) = Dµν(q) (33)
we have the following electron-positron interaction generated by the unitary transformation
V genλ = −e2 < γµγν >
1
q+
Dµν(q)
(
1
D1
∫ ∞
λ
dfλ′(D1)
dλ′
fλ′(D2)dλ
′ +
1
D2
∫ ∞
λ
dfλ′(D2)
dλ′
fλ′(D1)dλ
′
)
(34)
We combine all the interactions eq. (30) together [4]
V genλ = −e2 < γµγν >
1
q+
Dµν(q)
(
1
D1
∫ ∞
λ
dfλ′(D1)
dλ′
fλ′(D2)dλ
′ +
1
D2
∫ ∞
λ
dfλ′(D2)
dλ′
fλ′(D1)dλ
′
)
V PTλ = −e2 < γµγν >
1
q+
Dµν(q)
1
D
fλ(D1)fλ(D2)
V inst = −e2 < γµγν > 1
q+2
ηµην (35)
The energy denominators in the generated interaction V genλ and the exchanged momentum are
in the exchange channel
Dexch1 = ∆p′1,p1; D
exch
2 = ∆p2,p′2; q
exch = p′1 − p1 ≡ q (36)
in the annihilation channel
Dann1 = ∆p′1,−p′2; D
ann
2 = ∆p2,−p1; q
ann = p1 + p2 ≡ P (37)
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where the notation is introduced ∆p1p2 = p
−
1 − p−2 − (p1− p2)−. The energy denominator in the
perturbative term V PTλ is given
D =
∑
inc
p− − ∑
interm
p− (38)
where the sums are over the light-front energies, p−, of the incident (inc) and intermediate
(interm) particles [5].
In what follows we use Jacobi momenta fig. (1)
p1(xP
+, x ~P⊥ + ~k⊥)
p2((1− x)P+, (1− x)~P⊥ − ~k⊥) (39)
and corresponding for the momenta p′1, p
′
2; here x is the light-front fraction of electron momen-
tum and P (P+, ~P⊥) is the total momentum of positronium. For convenience introduce
Dexch1 =
∆1
P+
= −∆˜1
q+
; Dexch2 =
∆2
P+
= −∆˜2
q+
; Dexch = −∆˜3
q+
Dann1 =
M20
P+
; Dann2 =
M
′2
0
P+
; Dann =
M2n
P+
(40)
and from now on we use the rescaled value of the cutoff λ→ λ2/P+. Then the following terms
contribute to the effective electron-positron interaction fig. (1)
in the exchange channel
V genλ = −e2N1
(
1
∆˜1
∫ ∞
λ
dfλ′(∆1)
dλ′
fλ′(∆2)dλ
′ +
1
∆˜2
∫ ∞
λ
dfλ′(∆2)
dλ′
fλ′(∆1)dλ
′
)
V PTλ = −e2N1
1
∆˜3
fλ(∆1)fλ(∆2)
V instλ = −e2 < γµγν >exch ηµην
1
q+2
(41)
in the annihilation channel
V genλ = e
2N2
(
1
M20
∫ ∞
λ
dfλ′(M
2
0 )
dλ′
fλ′(M
′2
0 )dλ
′ +
1
M
′2
0
∫ ∞
λ
dfλ′(M
′2
0 )
dλ′
fλ′(M
2
0 )dλ
′
)
V PTλ = e
2N2
1
M2n
fλ(M
2
0 )fλ(M
′2
0 )
V instλ = −e2 < γµγν >ann ηµην
1
P+2
(42)
where
N1 = − < γµγν >exch Dµν(q)
N2 = − < γµγν >ann Dµν(P ) (43)
q = p′1 − p1 is the exchanged photon momentum, with q− = q
⊥2
q+
; and P = p1 + p2 is the total
momentum. The matrix elements of the effective interaction: current-current terms N1, N2 and
< γµγν > ηµην in both channels, are calculated according to the rules of light-front perturbation
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theory as formulated by Brodsky, Lepage [5]. (see Appendices A and B for the exchange and
annihilation channels, respectively). The energy denominators in eq. (41) eq. (42) read
∆˜1 =
(x~k′⊥ − x′~k⊥)2 +m2(x− x′)2
xx′
; ∆˜2 = ∆˜1|x→(1−x),x′→(1−x′)
∆1 =
∆˜1
x− x′ ; ∆2 =
∆˜2
x− x′
∆˜3 = (~k⊥ − ~k′⊥)2 +
(x− x′)
2
(
~k2⊥
(
1
1− x −
1
x
)
− ~k′2⊥
(
1
1− x′ −
1
x′
))
+ m2
(x− x′)2
2
(
1
xx′
+
1
(1− x)(1− x′)
)
+ |x− x′|
(
1
2
(M20 +M
′2
0 )−M2n
)
M20 =
k2⊥ +m
2
x(1 − x) ; M
′2
0 =
k
′2
⊥ +m
2
x′(1− x′)
P− =
(P⊥)2 +M2n
P+
; P = (P+, P⊥) (44)
Note ∆˜1, ∆˜2, ∆˜3 are positive defined.
The exchange channel brings the dominant contribution to the mass spectrum. In what
follows we focus on the effective interaction in the exchange channel.
One can simplify the current-current term in the exchange channel, N1. Note, that for the
vector [qµ − (p′1µ − p1µ)] ′+′ and ′ ⊥′ components vanish by momentum conservation, i.e. it is
proportional to the null vector ηµ. Therefore one can represent
qµ = p
′
1µ − p1µ − ηµ
D1
2
qν = p2ν − p′2ν − ην
D2
2
(45)
Making use of the Dirac equation, one has
u(p1, λ1)γ
µu(p′1, λ
′
1)v(p
′
2, λ
′
2)γ
νv(p2, λ2)× (ηµqν + ηνqµ)
= −u(p1, λ1)γµu(p′1, λ′1)v(p′2, λ′2)γνv(p2, λ2)ηµην
(
D1 +D2
2
)
(46)
Then the current-current term in the exhcnage channel can be written
N1 = − < γµγν > Dµν(q)→< γµγν > gµν− < γµγν > ηµην ∆˜1 + ∆˜2
2q+2
(47)
we omit the label ’exch’- exchange channel.
Below we use the approximation
M2n =
1
2
(M20 +M
′2
0 ) (48)
that simplifies the calculations. In this approximation the following holds
∆˜ =
∆˜1 + ∆˜2
2
(49)
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where now the energy denominator for the perturbative photon exchange reads
∆˜ = ∆˜3(M
2
n =
1
2
(M20 +M
′2
0 )
= (~k⊥ − ~k′⊥)2 +
(x− x′)
2
(
~k2⊥
(
1
1− x −
1
x
)
− ~k′2⊥
(
1
1− x′ −
1
x′
))
+ m2
(x− x′)2
2
(
1
xx′
+
1
(1− x)(1 − x′)
)
(50)
Combining all the terms eq. (41) together one has for the effective interaction in the exchange
channel
V effLC (λ) = V
gen
λ + V
PT
λ + V
inst
λ
= −e2 < γµγν > gµν
(
Θ1λ
∆˜1
+
Θ2λ
∆˜2
+
f1λf2λ
∆˜
)
−e2 < γµγν > ηµην 1
2q+2
(∆˜1 − ∆˜2)
(
Θ1λ
∆˜1
− Θ2λ
∆˜2
)
(51)
where we have introduced
Θ1λ =
∫ ∞
λ
dfλ′(∆1)
dλ′
fλ′(∆2)dλ
′
Θ2λ =
∫ ∞
λ
dfλ′(∆2)
dλ′
fλ′(∆1)dλ
′
f1λ = fλ(∆1); f2λ = fλ(∆2) (52)
and one has
Θ1λ +Θ2λ = 1− f1λf2λ (53)
Remind, that fλ(∆) is the similarity function specified below.
Instantaneous exchange with the energy below the cutoff e2 < γµγν > ηµην
1
q+2
f1λf2λ is
canceled in the effective interaction V effLC (λ) eq. (51).
In the eq. (51) the ”ηµην” term is spin-independent, and it is at least one power of momenta
higher than the leading spin-independent piece in the ”gµν” term. This form of the effective in-
teraction eq. (51) is convenient to separate the structures: ”ηµην” term, containing the collinear
singularity when x ∼ x′, from the ”gµν” term.
The initial value of the effective interaction is given at the bare cutoff Λ
V effLC (λ = Λ→∞) = V PTλ=Λ→∞ + V inst = −e2 < γµγν > gµν
1
∆˜
(54)
This is the result of light-front perturbative theory [5]. Note, that though V inst is singular as
x ∼ x′, the interaction V PTλ=Λ→∞ + V inst is free of collinear singularity.
The resulting value of the effective interaction V effLC is defined at λ → 0 (except maybe for
the point of Coulomb singularity ~q(qz, ~q⊥) = 0, i.e. (x = x
′, ~k⊥ = ~k
′
⊥))
V effLC = V
eff
LC (λ→ 0) = V genλ→0 + V inst
= −e2 < γµγν > gµν
(
Θ1
∆˜1
+
Θ2
∆˜2
)
−e2 < γµγν > ηµην 1
2q+2
(∆˜1 − ∆˜2)
(
Θ1
∆˜1
− Θ2
∆˜2
)
(55)
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where
Θ1 = Θ1λ|λ=0
Θ2 = Θ2λ|λ=0 (56)
Estimate the difference between the initial and final values of the effective interaction.
Introduce ∆˜1 − ∆˜2 = 2δ, then together with eq. (49) one has
∆˜1 = ∆˜ + δ; ∆˜2 = ∆˜− δ
δ =
(x− x′)
2
(
− k
2
⊥
x(1− x) +
k
′2
⊥
x′(1− x′) +m
2(x− x′)( 1
xx′
− 1
(1− x)(1− x′))
)
(57)
where usually (in the nonrelativistic case and in the collinear limit x ∼ x′) holds |δ| << ∆˜. For
the effective interaction one has
V effLC = −e2 < γµγν > gµν
1
∆˜
(
1− (Θ1 −Θ2) δ
∆˜
+ O(
δ2
∆˜2
)
)
−e2 < γµγν > ηµην 1
q+2
(
(Θ1 −Θ2) δ
∆˜
+O(
δ2
∆˜2
)
)
= V (0) +
∑
i
∆V (i)gµν +
∑
i
∆V (i)ηµην (58)
index above in ∆V (i) shows the order of expansion with respect to (δ/∆˜). The leading order
in eq. (58) is given by the result of perturbation theory
V (0) = −e2 < γµγν > gµν 1
∆˜
= V PTλ=Λ→∞ + V
inst (59)
We change the variables, which defines pz : (x,~k⊥)→ ~p(pz, ~k⊥), ~p is the three momentum in
the center of mass frame
x =
1
2
(
1 +
pz√
~p2 +m2
)
(60)
The term eq. (59) gives in the leading order of nonrelativistic approximation |~p|/m << 1 the
3-dimensional Coulomb interaction
V (0) ≈ −16e
2m2
~q2
(61)
where ~q(qz, ~q⊥) = ~p′ − ~p is the exchanged momentum.
It was shown in [7],[8], that the nonrelativistic expansion of the term eq. (59) to the sec-
ond order O(( ~p
m
)2) gives rise to the correct spin splittings of positronium and the rotational
invariance (due to the degeneracy of triplet states) is restored.
Corrections ∆Vgµν ; ∆Vηµην arise due to the unitary transformation, i.e. the corrections due
to the energy denominators in the ”gµν” term and the ”ηµην” term. Estimate the first order
corrections ∆V (1)gµν ; ∆V
(1)
ηµην O(
δ
∆˜
) in the nonrelativistic case. We choose for this purpose the
explicit form of the similarity function
fλ(∆) = e
−∆
2
λ4 (62)
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Then one has
Θ1 =
∆˜21
∆˜21 + ∆˜
2
2
(63)
and
V effLC = −e2 < γµγν > gµν
∆˜1 + ∆˜2
∆˜21 + ∆˜
2
2
− e2 < γµγν > ηµην 1
2q+2
(∆˜1 − ∆˜2)2
∆˜21 + ∆˜
2
2
(64)
The series eq. (58) for the effective interaction then reads
V effLC = −e2 < γµγν > gµν
1
∆˜
(
1− δ
2
∆˜2
+O(
δ3
∆˜3
)
)
−e2 < γµγν > ηµην 1
q+2
(
δ2
∆˜2
+O(
δ3
∆˜3
)
)
(65)
where δ ≈ − qz
m
(~q, ~p+ ~p′).
The corrections are given correspondingly
∆V (1)gµν = e
2 < γµγν > gµν
1
∆˜
δ2
∆˜2
≈ 16e
2m2
~q2
(
qz(~q, ~p+ ~p′)
m~q2
)2
∆V (1)ηµην = e
2 < γµγν > ηµην
1
q+2
δ2
∆˜2
≈ 16e
2m2
q2z
(
qz(~q, ~p+ ~p′)
m~q2
)2
(66)
where x− x′ ≈ qz
2m
.
The corrections due to energy denominators in the ”gµν” term are spin-independent and do
not affect the spin-dependent interactions.
The correction from ”ηµην” term is of the order e
2q0. Quite generally the interaction given
by the light-front perturbation theory V PTλ=Λ→∞ + V
inst and the effective interaction generated
by the unitary transformation V genλ→0+V
inst have both a leading Coulomb behavior eq. (61), but
they differ by spin-independent ”ηµην” term in the order e
2q0, which contributes in the first
order bound state perturbation theory to the mass in the order α4. In the order of fine structure
splitting α4 also terms of order e4q−1 and e6q−2 are important [4]. We expect that the structure
”ηµην” in order e
2q0 will be compensated in the mass spectrum (in its spin-independent part)
by the corresponding terms in the order (e4) and (e6). 1
1For the similarity function fλ(∆) = θ(λ
2 − |∆|) the corrections are
∆V (1)gµν = e
2 < γµγν > gµν
1
∆˜
|δ|
∆˜
≈ 16e
2m2
~q2
|qz||~q(~p+ ~p′)|
m~q2
∆V (1)ηµην = e
2 < γµγν > ηµην
1
q+2
|δ|
∆˜
≈ 16e
2m2
q2z
|qz||~q(~p+ ~p′)|
m~q2
(67)
In this case the ”ηµην” term is of the order e
2q−1 and contributes to the mass in the order α3. One needs
to calculate the effective interaction up to the term e4q−2 to cancel this contribution from ”ηµην” term in the
mass.
In the case of fλ(∆) = e
−
|∆|
λ2 , (see the main text)
∆Vgµν = 0, ∆Vηµην = 0. (68)
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It is argued in [8], that though ”ηµην” term does not affect spin-spin and tensor interactions,
but it may influence in the second order bound state perturbation theory the spin-orbit.
We remind also that ”ηµην” term in the effective interaction can have the singular behavior
in the collinear limit as x ∼ x′ (Appendix C).
One can generate the result of perturbation theory by the flow equations [4], if one chooses
for the similarity function
fλ(∆) = e
−
|∆|
λ2 (69)
Then Θ-factor eq. (56) is Θ1 =
∆˜1
∆˜1+∆˜2
; ”ηµην” term in eq. (55) vanishes and one has for the
effective interaction
V effLC = −e2 < γµγν > gµν
1
∆˜
(70)
This is true with the approximation done before eqs. (48) and (49).
Other choices of the similarity functions fλ(∆) are possible (eqs. (22) and (23), see also
Appendix C). We expect that the mass spectrum stay intact with respect to different similarity
functions.
In order to introduce the spectroscopic notation for positronium mass spectrum we integrate
out the angular degree of freedom (ϕ) by substituting it with the discrete quantum number
Jz = n, n ∈ Z (actually for the annihilation channel only |Jz| ≤ 1 is possible)
< x, k⊥; Jz, λ1, λ2|V˜ effLC |x′, k′⊥; J ′z, λ′1, λ′2 >
=
1
2π
∫ 2π
0
dϕe−iLzϕ
∫ 2π
0
dϕ′eiL
′
zϕ
′
(− 1
2(2π)3
) < x, k⊥, ϕ;λ1, λ2|V effLC |x′, k′⊥, ϕ′;λ′1, λ′2 >
(71)
where Lz = Jz − Sz; Sz = λ12 + λ22 and the states can be classified (strictly speaking only for
rotationally invariant systems) according to their quantum numbers of total angular momentum
J , orbit angular momentum L, and total spin S. It should be noted that the definition of
angular momentum operators in light-front dynamics is problematic because they include the
interaction.
The general matrix elements for the effective interaction depending on the angles ϕ, ϕ′
(actually on the difference (ϕ−ϕ′)) < x, k⊥, ϕ;λ1, λ2|V effLC |x′, k′⊥, ϕ′;λ′1, λ′2 > and also the matrix
elements of the effective interaction after the angular integration for the total momentum Jz
< x, k⊥; Jz, λ1, λ2|V˜ effLC |x′, k′⊥; J ′z, λ′1, λ′2 > in the exchange and annihilation channels are given
in Appendices A and B, respectively.
To perform the angular integration eq. (71) analytically we choose for the similarity function
eq. (14)
fλ(∆) = uλ(∆) = θ(λ
2 − |∆|) (72)
where for simplicity we use the sharp cutoff function uλ(∆). Then the effective interaction
reads
V effLC = −e2 < γµγν > gµν
(
θ(∆˜1 − ∆˜2)
∆˜1
+
θ(∆˜2 − ∆˜1)
∆˜2
)
−e2 < γµγν > ηµην 1
2q+2
|∆˜1 − ∆˜2|
(
θ(∆˜1 − ∆˜2)
∆˜1
+
θ(∆˜2 − ∆˜1)
∆˜2
)
(73)
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where θ(x)− θ(−x) = sign(x).
We proceed now to solve for the positronium spectrum in all sectors of Jz. For this purpose
we formulate the light-front integral equation eq. (27) in the form where the integral kernel
is given by the effective interaction for the total momentum Jz eq. (71). After the change of
variables eq. (60) (~k⊥; x) = (k⊥, ϕ; x)→ ~p = (~k⊥, pz) = (µ sin θ cosϕ, µ sin θ sinϕ, µ cos θ)
x =
1
2
(
1 +
µ cos θ√
µ2 +m2
)
(74)
where the Jacobian reads
J =
µ2
2
m2 + µ2(1− cos2 θ)
(m2 + µ2)3/2
sin θ (75)
one has the following integral equation
(M2n − 4(m2 + µ2))ψ˜n(µ, cos θ; Jz, λ1, λ2) +
∑
J ′z,λ
′
1
,λ′
2
∫
D
dµ′
∫ +1
−1
d cos θ′
µ
′2
2
m2 + µ
′2(1− cos2 θ′)
(m2 + µ′2)3/2
× < µ, cos θ; Jz, λ1, λ2|V˜ effLC |µ′, cos θ′; J ′z, λ′1, λ′2 > ψ˜n(µ′, cos θ′; J ′z, λ′1, λ′2) = 0
(76)
The integration domain D eq. (29) is given now by µ ∈ [0; Λ
2
]. Neither Lz nor Sz are good
quantum numbers; therefore we set Lz = Jz − Sz.
The wave function is normalized∑
Jz ,λ1,λ2
∫
dµ d cos θψ˜∗n(µ, cos θ; Jz, λ1, λ2)ψ˜n′(µ, cos θ; Jz, λ1, λ2) = δnn′ (77)
where n labels all quantum numbers.
The integral equation eq. (76) may be used for the calculations of positronium mass spectrum
numerically.
4 Conclusions
We have considered the particle number conserving part of the effective QED Hamiltonian,
generated in second order in the coupling by unitary transformation. The new generated
interaction between electron and positron has two terms of different structure.
The first term has spin-independent as well as spin-dependent parts. The spin-independent
part, combined with the instantaneous exchange interaction, leads to the Coulomb interaction.
The light-front spin-dependent part after a simple unitary transformation to rotate the spins
gives the familiar Breit-Fermi spin-spin and tensor interactions [8], that lead to the correct spin
splittings of positronium and rotational invariance is restored [7].
These properties of the first term do not depend on the explicit form of the unitary trans-
formation performed.
The second term is spin-independent and do depend on the unitary transformation. In
the first order bound state perturbation theory it contributes the spin-independent part to the
mass in order of fine structure. We expect, that this contribution in mass is cancelled by the
terms from higher orders in the unitary transformation. The second term may also influence
the spin-orbit in the second order bound state perturbation theory [8].
Acknowledgments The author would like to thank Prof. F.Wegner and Dr. Martina Brisu-
dova for usefull discussions.
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A Matrix elements of the effective interaction.Exchange
channel
In the Appendices A and B we follow the scheme of the work [9] to calculate the matrix
elements of the effective interaction in the exchange and annihilation channels, respectively.
Here, we list the general, angle-dependent matrix elements defining the effective interaction
in the exchange channel eqs. (51) and (55) (part I) and the corresponding matrix elements
of the effective interaction for arbitrary Jz, after integrating out the angles eq. (71) (part II).
The whole is given for the similarity function fλ(∆) = uλ(∆) = θ(λ
2 − |∆|) eq. (14) with the
sharp cutoff. The effective interaction generated by the unitary transformation in the exchange
channel reads eq. (73)
V effLC = −e2 < γµγν > gµν
(
θ(a1 − a2)
∆˜1
+
θ(a2 − a1)
∆˜2
)
−e2 < γµγν > ηµην 1
2q+2
(
(a1 − a2)θ(a1 − a2)
∆˜1
+
(a2 − a1)θ(a2 − a1)
∆˜2
)
= −e2 < γµγν > gµν
(
θ(a1 − a2)
∆˜1
+
θ(a2 − a1)
∆˜2
)
−e2 < γµγν > ηµην 1
2q+2
|a1 − a2|
(
θ(a1 − a2)
∆˜1
+
θ(a2 − a1)
∆˜2
)
(78)
where fig. (1)
< γµγν > |exch = u¯(p1, λ1)√
p+1
γµ
u(p
′
1, λ
′
1)√
p
′+
1
v¯(p
′
2, λ
′
2)√
p
′+
2
γν
v(p2, λ2)√
p+2
P+2 (79)
q = p′1 − p1 is the momentum transfer. One has in eq. (78)
∆˜1 = a1 − 2k⊥k′⊥ cos(ϕ− ϕ
′
)
∆˜2 = a2 − 2k⊥k′⊥ cos(ϕ− ϕ
′
)
∆˜ = a− 2k⊥k′⊥ cos(ϕ− ϕ
′
)
~k⊥ = k⊥(cosϕ, sinϕ) (80)
and
a1 =
x′
x
k2⊥ +
x
x′
k
′2
⊥ +m
2 (x− x′)2
xx′
= k2⊥ + k
′2
⊥ + (x− x′)
(
k2⊥(−
1
x
)− k′2⊥(−
1
x′
)
)
+m2
(x− x′)2
xx′
a2 =
1− x′
1− x k
2
⊥ +
1− x
1− x′k
′2
⊥ +m
2 (x− x′)2
(1− x)(1 − x′)
= k2⊥ + k
′2
⊥ + (x− x′)
(
k2⊥
1
1− x − k
′2
⊥
1
1− x′
)
+m2
(x− x′)2
(1− x)(1− x′)
a = k2⊥ + k
′2
⊥ +
(x− x′)
2
(
k2⊥(
1
1− x −
1
x
)− k′2⊥(
1
1− x′ −
1
x′
)
)
+ m2
(x− x′)2
2
(
1
xx′
+
1
(1− x)(1− x′)
)
a =
1
2
(a1 + a2) (81)
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The energy denominator (∆˜ and a corresponding) in the case of perturbative theory is given
for completeness.
It is useful to display the matrix elements of the effective interaction in the form of ta-
bles. The matrix elements depend on the one hand on the momenta of the electron and
positron, respectively, and on the other hand on their helicities before and after the inter-
action. The dependence on the helicities occur during the calculation of these functions
E(x,~k⊥;λ1, λ2|x′, ~k′⊥;λ′1, λ′2) in part I and G(x, k⊥;λ1, λ2|x′, k′⊥;λ′1, λ′2) in part II as different
Kronecker deltas [5]. These functions are displayed in the form of helicity tables. We use the
following notation for the elements of the tables
Fi(1, 2) → Ei(x,~k⊥; x′, ~k′⊥); Gi(x, k⊥; x′, k′⊥) (82)
Also we have used in both cases for the permutation of particle and anti-particle
F ∗3 (x,
~k⊥; x
′, ~k′⊥) = F3(1− x,−~k⊥; 1− x′,−~k′⊥) (83)
one has the corresponding for the elements of arbitrary Jz; in the case when the function addi-
tionally depends on the component of the total angular momentum Jz = n we have introduced
F˜i(n) = Fi(−n) (84)
A.1 The general helicity table.
To calculate the matrix elements of the effective interaction in the exchange channel we use
the matrix elements of the Dirac spinors listed in Table 1 [5]. Also the following holds
v¯λ′(p)γ
αvλ(q) = u¯λ(q)γ
αuλ′(p).
M 1√
k+k′+
u¯(k′, λ′)Mu(k, λ)
γ+ 2δλλ′
γ−
2
k+k′+
[(
m2 + k⊥k
′
⊥e
+iλ(ϕ−ϕ′)
)
δλλ′ −mλ
(
k′⊥e
+iλϕ′ − k⊥e+iλϕ
)
δλ−λ′
]
γ1⊥
(
k′⊥
k′+
e−iλϕ
′
+
k⊥
k+
e+iλϕ
)
δλλ′ +mλ
(
1
k′+
− 1
k+
)
δλ−λ′
γ2⊥ iλ
(
k′⊥
k′+
e−iλϕ
′ − k⊥
k+
e+iλϕ
)
δλλ′ + im
(
1
k′+
− 1
k+
)
δλ−λ′
Table 1: Matrix elements of the Dirac spinors.
We introduce for the matrix elements entering in the effective interaction eq. (78)
2E(1)(x,~k⊥;λ1, λ2|x′, ~k′⊥;λ
′
1, λ
′
2) = < γ
µγν > gµν =
16
=
1
2
< γ+γ− > +
1
2
< γ−γ+ > − < γ21 > − < γ22 >
2E(2)(x,~k⊥;λ1, λ2|x′, ~k′⊥;λ
′
1, λ
′
2) = < γ
µγν > ηµην
1
q+2
=< γ+γ+ >
1
q+2
(85)
where
< γµγν >=
u¯(x,~k⊥;λ1) γ
µ u(x′, ~k
′
⊥;λ
′
1) v¯(1− x′,−~k′⊥;λ′2) γν v(1− x,−~k⊥;λ2)√
xx′(1− x)(1− x′)
(86)
These functions are displayed in the Table 2.
final : initial (λ′1, λ
′
2) =↑↑ (λ′1, λ′2) =↑↓ (λ′1, λ′2) =↓↑ (λ′1, λ′2) =↓↓
(λ1, λ2) =↑↑ E1(1, 2) E∗3(1, 2) E3(1, 2) 0
(λ1, λ2) =↑↓ E∗3(2, 1) E2(1, 2) E4(1, 2) −E3(2, 1)
(λ1, λ2) =↓↑ E3(2, 1) E4(1, 2) E2(1, 2) −E∗3(2, 1)
(λ1, λ2) =↓↓ 0 −E3(1, 2) −E∗3(1, 2) E1(1, 2)
Table 2: General helicity table defining the effective interaction in the exchange channel.
The matrix elements E
(n)
i (1, 2) = E
(n)
i (x,~k⊥; x
′, ~k′⊥) (n = 1, 2) are the following
E
(1)
1 (x,~k⊥; x
′, ~k
′
⊥) = m
2
(
1
xx′
+
1
(1− x)(1− x′)
)
+
k⊥k
′
⊥
xx′(1− x)(1− x′)e
−i(ϕ−ϕ
′
)
E
(1)
2 (x,~k⊥; x
′, ~k
′
⊥) = m
2
(
1
xx′
+
1
(1− x)(1− x′)
)
+ k2⊥
1
x(1− x) + k
′2
⊥
1
x′(1− x′)
+ k⊥k
′
⊥

ei(ϕ−ϕ
′
)
xx′
+
e−i(ϕ−ϕ
′
)
(1− x)(1 − x′)


E
(1)
3 (x,~k⊥; x
′, ~k
′
⊥) = −
m
xx′
(
k
′
⊥e
iϕ
′
− k⊥1− x
′
1− x e
iϕ
)
E
(1)
4 (x,~k⊥; x
′, ~k
′
⊥) = −m2
(x− x′)2
xx′(1− x)(1− x′) (87)
and
E
(2)
1 (x,~k⊥; x
′, ~k
′
⊥) = E
(2)
2 (x,~k⊥; x
′, ~k
′
⊥) =
2
(x− x′)2
E
(2)
3 (x,~k⊥; x
′, ~k
′
⊥) = E
(2)
4 (x,~k⊥; x
′, ~k
′
⊥) = 0 (88)
A.2 The helicity table of the exchange channel for arbitrary Jz.
Following the description given in the main text eq. (71) we integrate out the angles in the
effective interaction in the exchange channel eqs. (73) and (78). For the matrix elements of
the effective interaction for an arbitrary Jz = n with n ∈ Z G(x, k⊥;λ1, λ2|x′, k′⊥;λ′1, λ′2) =<
x, k⊥; Jz, λ1, λ2|V˜ effLC |x′, k′⊥; J ′z, λ′1, λ′2 > |exch in the exchange channel one obtains the helicity
Table 3.
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final : initial (λ′1, λ
′
2) =↑↑ (λ′1, λ′2) =↑↓ (λ′1, λ′2) =↓↑ (λ′1, λ′2) =↓↓
(λ1, λ2) =↑↑ G1(1, 2) G∗3(1, 2) G3(1, 2) 0
(λ1, λ2) =↑↓ G∗3(2, 1) G2(1, 2) G4(1, 2) −G˜3(2, 1)
(λ1, λ2) =↓↑ G3(2, 1) G4(1, 2) G˜2(1, 2) −G˜∗3(2, 1)
(λ1, λ2) =↓↓ 0 −G˜3(1, 2) −G˜∗3(1, 2) G˜1(1, 2)
Table 3: Helicity table of the effective interaction for Jz = ±n, x > x′.
Here, the functions Gi(1, 2) = Gi(x, k⊥; x
′, k′⊥) are given
G1(x, k⊥; x
′, k
′
⊥) = m
2
(
1
xx′
+
1
(1− x)(1− x′)
)
Inta1a2(|1− n|)
+
k⊥k
′
⊥
xx′(1− x)(1− x′)Inta1a2(|n|) +
|a1 − a2|
(x− x′)2 Inta1a2(|1− n|)
G2(x, k⊥; x
′, k
′
⊥) = (m
2
(
1
xx′
+
1
(1− x)(1− x′)
)
+ k2⊥
1
x(1− x) + k
′2
⊥
1
x′(1− x′))Inta1a2(|n|)
+ k⊥k
′
⊥
(
1
xx′
Inta1a2(|1− n|) +
1
(1− x)(1 − x′)Inta1a2(|1 + n|)
)
+
|a1 − a2|
(x− x′)2 Inta1a2(|n|)
G3(x, k⊥; x
′, k
′
⊥) = −
m
xx′
(
k
′
⊥Inta1a2(|1 + n|)− k⊥
1− x′
1− x Inta1a2(|n|)
)
G4(x, k⊥; x
′, k
′
⊥) = −m2
(x− x′)2
xx′(1− x)(1− x′)Inta1a2(|n|) (89)
where we have introduced the functions
Inta1a2(n) = θ(a1 − a2)Inta1(n) + θ(a2 − a1)Inta2(n)
Intai(n) =
α
π
(−A(ai))−n+1
(
B(ai)
k⊥k
′
⊥
)n
A(ai) =
1√
a2i − 4k2⊥k′2⊥
B(ai) =
1
2
(1− aiA(ai)) (90)
and the functions ai, i = 1, 2 are given in eq. (81).
The following integrals were used by the calculation of the matrix elements [9]
1
2π
∫ 2π
0
dϕ
∫ 2π
0
dϕ′
cos(n(ϕ− ϕ′))
ai − 2k⊥k′⊥ cos(ϕ− ϕ′)
= 2π(−A(ai))−n+1
(
B(ai)
k⊥k′⊥
)n
1
2π
∫ 2π
0
dϕ
∫ 2π
0
dϕ′
sin(n(ϕ− ϕ′))
ai − 2k⊥k′⊥ cos(ϕ− ϕ′)
= 0 (91)
The last terms in G1, G2 arise from the ”ηµην” structure of the effective interaction eq. (78), and
are defined only for Lz = L
′
z = 0, i.e. for the total angular momentum Jz = Sz = λ1/2 + λ2/2.
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Due to the corresponding δ-functions they are equal to
∆G =
|a1 − a2|
(x− x′)2 Inta1a2(0) = (−
α
π
)
(a1 − a2)
(x− x′)2

 θ(a1 − a2)√
a21 − 4k2⊥k′2⊥
− θ(a2 − a1)√
a22 − 4k2⊥k′2⊥

 (92)
In the collinear limit this term is singular 2 (see also the first point of eq. (111))
∆G|x∼x′ = (−α
π
)
1
x(1 − x)
1
|x− x′| + const (94)
we have used
A(a1)θ(a1 − a2)−A(a2)θ(a2 − a1)
=
1
2
(A(a1)−A(a2))(θ(a1 − a2) + θ(a2 − a1)) + 1
2
(A(a1) + A(a2))(θ(a1 − a2)− θ(a2 − a1))
=
1
2
(A(a1)−A(a2)) + 1
2
(A(a1) + A(a2))sign(a1 − a2) (95)
The condition on the parameter space (x, k⊥) due to the θ-function, namely θ(a1− a2) (i.e.
when a1 > a2) reads
(x− x′)
(
x(1 − x)(k′2⊥ +m2)− x′(1− x′)(k2⊥ +m2)
)
> 0 (96)
Making use of the coordinate change eq. (60) this is equivalent to
 µ cos θ√
µ2 +m2
− µ
′ cos θ′√
µ′2 +m2

 (µ− µ′) < 0 (97)
2 In fact the IR singularities in the effective interaction arise from the singular behavior of the generator
of unitary transformation η(l) in the collinear limit q+ → 0. The following condition must be imposed on the
generator of transformation
limq+→0 η(l) = 0 (93)
to insure the effective interaction to be finite in the collinear limit. This is true, for example, for the second and
the third choice of the generator in Appendix C.
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B Matrix elements of the effective interaction. Annihi-
lation channel
We repeat the same calculations for the matrix elements of the effective interaction in the anni-
hilation channel. In this case the effective interaction generated by the unitary transformation
reads eqs. (30) and (42)
V effLC = e
2 < γµγν > g⊥µν
(
θ(M20 −M ′20 )
M20
+
θ(M
′2
0 −M20 )
M
′2
0
)
−e2 < γµγν > ηµην 1
P+2
(98)
where
< γµγν >=
v¯(p′2, λ
′
2)√
p
′+
2
γµ
u(p′1, λ
′
1)√
p
′+
1
u¯(p1, λ1)√
p+1
γν
v(p2, λ2)√
p+2
P+2 (99)
P+ = p+1 + p
+
2 is the total momentum; and
M20 =
k2⊥ +m
2
x(1− x)
M
′2
0 =
k
′2
⊥ +m
2
x′(1− x′) (100)
All particle momenta are depicted on fig. (1). Note that the energy denominators of the effective
interaction in the annihilation channel do not depend on the angles ϕ, ϕ′.
M 1√
k+k′+
v¯(k′, λ′)Mu(k, λ)
γ+ 2δλ−λ′
γ−
2
k+k′+
[
−
(
m2 − k⊥k′⊥e+iλ(ϕ−ϕ
′)
)
δλ−λ′ −mλ
(
k′⊥e
+iλϕ′ + k⊥e
+iλϕ
)
δλλ′
]
γ1⊥
(
k′⊥
k′+
e−iλϕ
′
+
k⊥
k+
e+iλϕ
)
δλ−λ′ −mλ
(
1
k′+
+
1
k+
)
δλλ′
γ2⊥ iλ
(
k′⊥
k′+
e−iλϕ
′ − k⊥
k+
e+iλϕ
)
δλ−λ′ − im
(
1
k′+
+
1
k+
)
δλλ′
Table 4: Matrix elements of the Dirac spinors.
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B.1 The general helicity table
For the calculation of matrix elements of effective interaction in the annihilation channel we
use the matrix elements of the Dirac spinors listed in Table 4 [5]. Also the following holds
(v¯λ′(p)γ
αuλ(q))
+ = −u¯λ(q)γαvλ′(p).
We introduce
2H(1)(x,~k⊥;λ1, λ2|x′, ~k′⊥;λ′1, λ′2) = < γµγν > g⊥µν = − < γ21 > − < γ22 >
2H(2)(x,~k⊥;λ1, λ2|x′, ~k′⊥;λ′1, λ′2) = − < γµγν > ηµην
1
P+2
(101)
where
< γµγν >=
v¯(1− x′,−~k′⊥;λ′2) γµ u(x′, ~k′⊥;λ′1) u¯(x,~k⊥;λ1) γν v(1− x,−~k⊥;λ2)√
xx′(1− x)(1− x′)
(102)
These functions are displayed in the Table 5.
final:initial (λ′1, λ
′
2) =↑↑ (λ′1, λ′2) =↑↓ (λ′1, λ′2) =↓↑ (λ′1, λ′2) =↓↓
(λ1, λ2) =↑↑ H1(1, 2) H3(2, 1) H∗3 (2, 1) 0
(λ1, λ2) =↑↓ H3(1, 2) H∗2 (1, 2) H4(2, 1) 0
(λ1, λ2) =↓↑ H∗3 (1, 2) H4(1, 2) H2(1, 2) 0
(λ1, λ2) =↓↓ 0 0 0 0
Table 5: General helicity table defining the effective interaction in the annihilation channel.
Here, the matrix elements H
(n)
i (1, 2) = H
(n)
i (x,~k⊥; x
′, ~k
′
⊥) are the following
H
(1)
1 (x,~k⊥; x
′, ~k
′
⊥) = m
2
(
1
x
+
1
1− x
)(
1
x′
+
1
1− x′
)
H
(1)
2 (x,~k⊥; x
′, ~k
′
⊥) = k⊥k
′
⊥

ei(ϕ−ϕ
′
)
xx′
+
e−i(ϕ−ϕ
′
)
(1− x)(1− x′)


H
(1)
3 (x,~k⊥; x
′, ~k
′
⊥) = mλ1
(
1
x′
+
1
1− x′
)
k⊥
1− xe
iϕ
H
(1)
4 (x,~k⊥; x
′, ~k
′
⊥) = −k⊥k′⊥

 ei(ϕ−ϕ
′
)
x(1− x′) +
e−i(ϕ−ϕ
′
)
x′(1− x)

 (103)
and
H
(2)
1 (x,~k⊥; x
′, ~k
′
⊥) = H
(2)
3 (x,~k⊥; x
′, ~k
′
⊥) = 0
H
(2)
2 (x,~k⊥; x
′, ~k
′
⊥) = H
(2)
4 (x,~k⊥; x
′, ~k
′
⊥) = 2 (104)
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final:initial (λ′1, λ
′
2) =↑↑ (λ′1, λ′2) =↑↓ (λ′1, λ′2) =↓↑ (λ′1, λ′2) =↓↓
(λ1, λ2) =↑↑ F1(1, 2) F3(2, 1) F ∗3 (2, 1) 0
(λ1, λ2) =↑↓ F3(1, 2) F ∗2 (1, 2) F4(2, 1) 0
(λ1, λ2) =↓↑ F ∗3 (1, 2) F4(1, 2) F2(1, 2) 0
(λ1, λ2) =↓↓ 0 0 0 0
Table 6: Helicity table of the effective interaction in the annihilation channel for Jz ≥ 0.
B.2 The helicity table of the annihilation channel for |Jz| ≤ 1
The matrix elements of the effective interaction for Jz ≥ 0 F (x, k⊥;λ1, λ2|x′, k′⊥;λ′1, λ′2) =<
x, k⊥; Jz, λ1, λ2|V˜ effLC |x′, k′⊥; J ′z, λ′1, λ′2 > |ann in the annihilation channel (the sum of the gener-
ated interaction for Jz = +1 and instantaneous graph for Jz = 0) are given in Table 6.
The function Fi(1, 2) = Fi(x, k⊥; x
′, k′⊥) are the following
F1(x, k⊥; x
′, k
′
⊥) = −
α
π
1
Ω
m2
xx′(1− x)(1− x′)δ|Jz|,1
F2(x, k⊥; x
′, k
′
⊥) = −
α
π
(
1
Ω
k⊥k
′
⊥
xx′
δ|Jz|,1 + 2δJz,0
)
F3(x, k⊥; x
′, k
′
⊥) = −
α
π
1
Ω
λ1
m
x′(1− x′)
k⊥
1− xδ|Jz|,1
F4(x, k⊥; x
′, k
′
⊥) = −
α
π
(
− 1
Ω
k⊥k
′
⊥
x(1− x′)δ|Jz|,1 + 2δJz ,0
)
(105)
where we have introduced
1
Ω
=
θ(M20 −M ′20 )
M20
+
θ(M
′2
0 −M20 )
M
′2
0
(106)
The table for Jz = −1 is obtained by inverting all helicities, i.e.
F (Jz = +1;λ1, λ2) = −λ1F (Jz = −1;−λ1,−λ2) (107)
The matrix elements of the effective interaction in the annihilation channel are nonzero only
for |Jz| ≤ 1 due to the restriction on the angular momentum of the photon.
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C Collinear limit
We estimate in this appendix the correction of ”ηµην” term in the collinear limit. With respect
to different choices of the similarity function one has either singular or finite corrections. The
expansion of the effective interaction in the exchange channel eq. (55) with respect to
|δ|
∆˜
<< 1 (108)
reads
V effLC = −e2 < γµγν > gµν
1
∆˜
(
1− (Θ1 −Θ2) δ
∆˜
+ (
δ
∆˜
)2
)
−e2 < γµγν > ηµην 1
q+2
(
(Θ1 −Θ2) δ
∆˜
+ (
δ
∆˜
)2
)
+O
(
(
δ
∆˜
)3
)
= V (0) +∆Vgµν +∆Vηµην (109)
where the leading order electron-positron interaction V (0) is given by eq. (59) in the main text,
the corrections from next to leading orders of ”gµν” and ”ηµην” terms are called ∆Vgµν and
∆Vηµην , respectively; ”Θ-factors” are given
Θ1 =
∫ ∞
0
df(∆1)
dλ′
f(∆2)dλ
′
Θ2 =
∫ ∞
0
df(∆2)
dλ′
f(∆1)dλ
′ (110)
The effective interactions with the corresponding similarity functions and ”Θ-factors” are writ-
ten below; also the leading order corrections as x ∼ x′ ∆Vηµην are given
1. fλ(∆) = θ(λ
2 − |∆|); Θ1 = θ(∆˜1 − ∆˜2) = θ(δ)
V effLC = −e2 < γµγν > gµν
(
θ(∆˜1 − ∆˜2)
∆˜1
+
θ(∆˜2 − ∆˜1)
∆˜2
)
−e2 < γµγν > ηµην 1
2q+2
|∆˜1 − ∆˜2|
(
θ(∆˜1 − ∆˜2)
∆˜1
+
θ(∆˜2 − ∆˜1)
∆˜2
)
∆Vηµην ≈ −e2 < γµγν > ηµην
1
q+2
|δ|
∆˜
≈ − 1|x− x′|
2e2
x(1− x)
|k2⊥ − k′2⊥ |
(~k⊥ − ~k′⊥)2
+
e2
x2(1− x)2
(k2⊥ − k′2⊥)2
(~k⊥ − ~k′⊥)4
2. fλ(∆) = e
−∆
2
λ4 ; Θ1 =
∆˜21
∆˜21 + ∆˜
2
2
V effLC = −e2 < γµγν > gµν
∆˜1 + ∆˜2
∆˜21 + ∆˜
2
2
− e2 < γµγν > ηµην 1
2q+2
(∆˜1 − ∆˜2)2
∆˜21 + ∆˜
2
2
∆Vηµην ≈ −e2 < γµγν > ηµην
1
q+2
δ2
∆˜2
≈ − e
2
x2(1− x)2
(k2⊥ − k′2⊥)2
(~k⊥ − ~k′⊥)4
3. fλ(∆) = e
−
|∆|
λ2 ; Θ1 =
∆˜1
∆˜1 + ∆˜2
V effLC = V
PT
λ=Λ→∞ + V
inst = −e2 < γµγν > gµν 1
∆˜
∆Vηµην = 0 (111)
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p′1 (x
′, ~k′⊥) p1 (x,~k⊥)
p′2 (1−x′,−~k′⊥) p2 (1−x,−~k⊥)
+
+ +
Figure 1: The effective electron-positron interaction in the exchange channel; the diagrams
correspond to the generated and instantaneous interactions. The perturbative photon exchange
with two different time orderings is also depicted.
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